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Introduction to Differential Equations

Suggested problems:

Section 1.1: 1-33
Section 1.2: 1-19
(Note: It can be easily checked that the DE y′ = ay + b has the general

solution y(t) = Ceat − b/a where C ∈ R)

Problems for submission:

Section 1.1: 4, 14, 22
Section 1.2: 5 (only a and b)
(Justify your answers for full marks!)

1. For the following first-order ODEs, do the following: (i) Sketch the
direction/slope field in the (x, y)-plane; (ii) Determine the solution
(by integration); and (iii) Overlay the solutions found in part (ii) onto
the slope field found in part (i). (Note: all derivatives are with respect
to x!)

(a) y′ = x2 − 1

(b) y′ =
x

1− x
, x 6= 1

(c) y′ = tan(x), x ∈ (−π/2, π/2)
(Hint! Use the substitution u = cos(x) to integrate.)

2. Sketch the direction/slope field in the (x, y)-plane for the following
first-order ODEs. Overlay a few plausible solutions. (Note: You do
not have to determine the analytic form of the solutions y(x)!)

(a) y′ = y2 + 2y + 1

(b) y′ = x2 − y2

3. Verify that the following functions y(x) are solutions of the given
second-order ODEs and satisfy the given initial conditions.

(a) y′′ + 2y′ + y = 0; y(0) = 1; y′(0) = 1; y(x) = (1 + 2x)e−x

(b) x2y′′ + 3xy′ + y = 0; y(1) = 1; y′(1) = 0; y(x) = (ln(x) + 1)/x



4. The process of verifying solutions of differential equations is not limited
to ordinary differential equations. The one-dimensional heat equation,
which governs the diffusion of heat in a one-dimensional medium over
time, is a partial differential equation given by

∂u

∂t
=
∂2u

∂x2
.

Show that
u(t, x) = t−1/2e−x

2/4t

is a solution of the heat equation.

BONUS! What does the initial (i.e. t = 0) temperature profile look
like? What is the long-term behavior of the temperature profile? What
is the physical interpretation? (Hint: Take the limit as t→ 0+ hold-
ing x fixed. Consider the case x = 0 separately. Note that the profile
is not continuous!)


