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Applications, Numerical Methods

Suggested problems:

Section 2.3: 1-5, 13-19
Section 2.7: 1-4, 11-19
Section 8.3: 1-15

Problems for submission:

Section 2.3: 3, 5(a)

Section 2.7: 3(a,b)

Section 8.3: 3(a) (compare with ezact solution as well)
(Justify your answers for full marks!)

1. Consider the reversible chemical reaction

X4Y = 2X
5

where X and Y are chemical species (i.e. molecules). Assuming the so-
lution is well-stirred, it is reasonable to model the reaction rate by the
law of mass action, which says the rate of a reaction is proportional to
the product of the reactant concentrations. For example, the reaction
rate of the forward reaction X +Y % 2X would be a[X][Y] = azy
where « is a proportionality constant. The differential equation gov-
erning the concentration of X can then be given by

d

o _ axy — Bx?, x(0) = zo. (1)
dt

(Note: This equation cannot be solved directly because it depends on
a second variable, y, which depends on t.)

(a) Note that the variables x and y are related by the conservation
relationship z +y = C (that is to say, the total amount of X and
Y remains constant over time). Use this relationship to rewrite
the RHS of (1) so that it only depends on x (i.e. eliminate y from
the equation).

(b) Solve the initial value problem found in part (a) for x(t) with the
valuesa=p=C=x9=1.

(¢) Use the conservation relationship to solve for y(¢).



2.

Bonus!

(d) Describe the long-term behavior of z(t) and y(¢). How does this
depend on the initial conditions? Does this make sense in the
context of the physical problem? (Hint: Note that the initial
conditions are related by xg + yo = C.)

Consider the irreversible chemical reaction
X —»Y

subject to continuous inflow and outflow of X and Y (constant inflow
can be modeled by a constant, while outflow is typically assumed to be
proportional to the current concentration, = or y, respectively). This
can be modeled by the system of first-order differential equations

dx
E:a—ﬁx, z(0) = zo
dy
o ==y, y(0)=yo

where «, 3,7,d,n > 0 are constants. (Note: Positive signs corresponds
to terms of inflow, while negative signs correspond to terms of outflow.)

(a) Solve this differential equation for the parameter values o = 5 =
vy=d=1,n1=2,29=0and yo = 1. [Hint: Solve the equation
for x first, and then substitute it into the equation for y.]

(b) What are the limiting values (i.e. ¢ — o0) of the concentrations?

Adapt the MATLAB code given online to perform the forward Euler
method for the system in Question #2(a) with At = 0.1 and At = 0.01
over the range t = 0 to t = 5. Print off the results of the numerical
simulations of both the x and y variables. Also include plots of the real
solutions found in Question # 2(a), for comparison. Note: You will
need to modify the code to keep track of two independent variables,
x and y, which both depend on ¢. In general, for a system of two
variables

dx
% - fl(-xayvt)
dy
E - f2<$7yvt)

the forward Euler method is given by
Tpatl = Tp + fl(xnv Yn, tn)At

Yn+l = Yn + fQ(x'm Yn, t'ﬂ)At
tn+1 == tn + At



