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1. Definitions and Theorems:

1] (a) Consider a first-order differential equation ¥’ = f(x,y). State a condition sufficient
to guarantee the uniqueness of a solution through the point (¢, yo).

1] (b) Consider a (power) homogeneous differential equation y' = F(y/x). State a sub-
stitution which will transform this into a separable differential equation.

[4] 2. True/False:

(a) The forward Euler method is the most accurate numerical scheme, as well as being
the simplest. [True / False]

(b) An integrating factor for the nearly exact differential equation y*(z + 1) dz + 22y dy = 0
is p(z) = e®. (Just check!) [True / False]

(¢) A Bernoulli differential equation of the form 3 + P(x)y = Q(x)y"™ can always be
turned into a first-order linear differential equation by the transformation v = y'=".
[True / False]

(d) For first-order linear differential equations of the form 3 + p(x)y = ¢(z), an inte-
grating factor of the form p(z) = e/ 9% 4 is often needed. [True / False]
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3. Slope Fields:

Consider the first-order differential equation

dy

i y + sin(z). (1)
2] (a) Sketch a slope field for this differential equation and overlay a few potential solu-
tions.
2] (b) Verify that y(z) = —1 (sin(z) + cos(z)) 4+ Ce” is a solution of (1) for all C' € R.
[2] (¢) Find the particular solution of (1) for the initial condition y(0) = —1/2. What is

the behavior of this solution for large 7
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4. General Solutions:

Solve the following differential equations, including initial conditions if specified:

dy 2y% + 6zy — 4
dr 322 4 day + 3y2

(a)

(Hint: Recall standard exact form!)

dy -
(b) T Y- v*yfe* =0, y(1) =1
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5. Applications:

Consider the reversible chemical reaction

X =V,
B

The differential equation governing the concentration of x can be given by

d
= —ax+ By (2)
where a, 5 > 0.
2] (a) Use the conservation relation x +y = C' to rewrite (2) only in terms of the variable
z (i.e. eliminate y).
3] (b) Keeping the parameter values «, [, and C' general, solve the differential equation

found in part (a) for 2(¢). Then use the conservation relationship to solve for y(t).
(You do not need to simplify.)

(¢) Suppose the parameter values are & = f = C' = 1. What is the long-term behavior
1] of z(t) and y(¢)? (i.e. What happens as t — 00?)
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