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First-Order Systems of Differential Equations

Suggested problems:

Section 7.1: 1-10, 21-23
Section 7.3: 1-26
Section 7.5: 1-32

Problems for submission:

Section 7.1: 2, 7

Section 7.3: 5, 12, 24

Section 7.5: 4, 11, 18, 23

(Justify your answers for full marks!)

1. Another way to view the eigenvalue/eigenvector method of solving
linear system is to decompose the matrix A into canonical form. If

A has a distinct set of real eigenvalues Ai,..., A\, and eigenvectors
T1,...,7n, we can decompose A according to A = PDP~! where
M O - 0
0 X -+ 0
P:[{)’l‘q}’?‘---‘ﬁn] and D = . . .
0 0 - A\,

(a) Consider the system from Question #5 in Section 7.3. Show

that the variable substitution ¥ = P~'Z transforms the system
dz dy
i AZ into an uncoupled system of the form d—?; = Dy.

—

d
(b) Find the general solution #(t) of the differential equation d—? =

Dy found in part (a). [Hint: Remember the constants of inte-
gration!]

d
(c) Use the substitution from part (a) to verify the solution of dit; =
AZ already found for Question #5 in Section 7.3.

2. Given a repeated eigenvalue A and a chain of generalized eigenvectors
U1,...,U, (where U7 is a regular eigenvector), we can decompose the



matrix A into the form A = PJP~1 where P is as above and

A1 0 -+ 0

0 A 1 0
J =

000 -+ A

(a) Consider the system from Question #11 in Section 7.5. Show

that the variable substitution ¥ = P~'Z transforms the system
dx dy

— = A% into a system of the form — = Jy.

dt ¥ dt y

—

—

d
(b) Find the general solution ¢(t) of the differential equation a% = Jj

found in part (a). [Hint: The system is not fully uncoupled, but
can be solved by solving for ys first, then y,, then y;.]

—

d
(c) Use the substitution from part (a) to verify the solution of d—f =
AZT already found for Question #11 in Section 7.5.



